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Overview 
• A brief remind about the nature of the semiclassical prefactor. 
 
• The problems of the semiclassical prefactor. 
 
• Overview of the existing approximations. 
 
• Derivation of a new class of prefactor approximations. 
 
• Numerical test on chaotic potentials. 
 
• Numerical test of real cases, i.e. molecules. 
 
G. Di Liberto 
2 
The origin of the semiclassical prefactor 
 𝒒𝑡 𝑒
− 𝑖ħ𝐻
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The origin of the semiclassical prefactor 
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𝑐𝑙 𝒒𝑡,𝒒0 −𝑖Q𝜋2 
𝐶𝑙 𝑝𝑎𝑡ℎ𝑠
 
Contains the quantum fluctuations around the classical trajectories. 




 𝑡 F ~ 𝑑𝒒0𝑑𝒑0 2𝜋iħ 𝑁
𝜕𝒒𝑡
𝜕𝒑0
F ∗ 𝒒𝑡 F 𝒒0 𝑒
𝑖
ħ𝑆𝑡
𝑐𝑙 𝒒𝑡,𝒒0 −𝑖Q𝜋2 
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Semiclassical Initial Value Representation 
Dynamics 
𝑰 E = F G(𝑯 − 𝑬) F  𝑰 E = 𝑹𝒆𝝅  𝒅𝒕 F 𝒆
− 𝒊ħ𝑯
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ħ𝑺𝒕 𝒑𝟎,𝒒𝟎  𝒑𝒕𝒒𝒕  𝒑𝟎𝒒𝟎  
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Time Averaging – Separable Approximation[6,7] 
• Monodromy matrix dependent. 
• Troubles for chaotic trajectories. 
                         Development of new models 
𝑰 E = F G(𝑯 − 𝑬) F  𝑰 E = 𝑹𝒆𝝅  𝒅𝒕 F 𝒆
− 𝒊ħ𝑯











 𝒅𝒑𝟎𝒅𝒒𝟎𝑪𝒕 𝒑𝟎, 𝒒𝟎 𝒆
𝒊
ħ𝑺𝒕 𝒑𝟎,𝒒𝟎  𝒑𝒕𝒒𝒕  𝒑𝟎𝒒𝟎  
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𝑑𝑒𝑡 𝐌𝑡𝐌 = 1 
𝑑𝑒𝑡 𝐌𝑡𝐌 ≠ 1 
Ct  numerically unstable 
𝐌𝑡𝑱𝐌 = 𝑱  𝐌 = 𝟏 ∀𝑡 
𝑱 = 𝟎 𝟏−𝟏 𝟎  
[8] H. Wang et al., J. Chem. Phys. 115, 6317 (2001). 




G. Di Liberto 
5 





















ħ𝛾 𝑷𝑡  
𝐔 † 𝐊𝑡𝐔 = 𝛚𝑡  
𝐔 † 𝐐𝑡𝐔 = 𝐐𝑡 
𝐔 † 𝐏t𝐔 = 𝐏𝑡 
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ħ𝛾 𝑷𝑡  
𝐔 † 𝐊𝑡𝐔 = 𝛚𝑡  
𝐔 † 𝐐𝑡𝐔 = 𝐐𝑡 
𝐔 † 𝐏t𝐔 = 𝐏𝑡 




Poor Person’s[12] (PPs) 
𝒑𝒆𝒒𝒒𝒆𝒒 𝑒
− 𝑖ħ𝐻




𝑪𝒕 𝒑𝒆𝒒, 𝒒𝒆𝒒  𝒅𝒑𝟎𝒅𝒒𝟎 𝒆
𝒊
ħ𝑺𝒕 𝒑𝟎,𝒒𝟎  𝒑𝒆𝒒𝒒𝒆𝒒 𝒑𝒕𝒒𝒕  𝒑𝟎𝒒𝟎 𝒑𝒆𝒒𝒒𝒆𝒒  
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[11] V. Guallar et al., J. Chem. Phys. 113, 9510 (2000). 
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2  𝑑𝜏𝑇𝑟 𝑹𝜏
𝑡
𝑜   𝑯𝒐𝒘 𝒕𝒐 𝒄𝒐𝒎𝒑𝒖𝒕𝒆 𝐑𝒕 ? 
[13] R. Gelabert et al., J. Phys. Chem. A 104, 10321 (2000).  
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Approximate solutions of the Riccati equation 
𝑹𝑡 = −𝑹𝑡2 − ħ2𝜸2 
 
𝑹𝑡 = −ħ𝜸
𝑖 + 𝑡𝑎𝑛 ħ𝜸𝑡
1 − 𝑖𝑡𝑎𝑛 ħ𝜸𝑡 = −𝑖ħ𝜸 










Harmonic Zero Point Energy contribution 
𝜸 = 𝝎 
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𝑹𝑡 ~0  
   𝑹𝑡𝟐 = −𝑲𝑡
𝑹𝟎 = −𝑖ħ𝜸
 
𝑹𝑡 = −𝑹𝑡2 − ħ2𝜸2 
 
𝑹𝑡 = −ħ𝜸
𝑖 + 𝑡𝑎𝑛 ħ𝜸𝑡
1 − 𝑖𝑡𝑎𝑛 ħ𝜸𝑡 = −𝑖ħ𝜸 
                                         Harmonic 
Johnson 

























𝜸 = 𝝎 
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 𝑹𝑡~ − 𝑖ħ𝜸 + 𝜺 𝜺𝑡 ~0 
 






Miller’s prefactor approximation 







2  𝑑𝜏𝑇𝑟 𝑹𝜏
𝑡
𝑜  
[13] R. Gelabert et al., J. Phys. Chem. A 104, 10321 (2000).  
          No divergence in the exponential part 
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Our recursive approach 




ħ𝜸 + 𝛆 = 𝑹𝑡







+ 2𝑲𝑡 + 𝑖𝛆 ħ𝜸 +
𝑲𝑡

























• Purely imaginary solution. 
• As Rt(1), the exponential part of the prefactor is oscillating.  
𝜺𝑡 ~0  𝛆
2~0 
Giovanni Di Liberto and Michele Ceotto, (To be submitted). 
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𝑲𝑡 ~0  
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ħ𝜸 +  
𝑖 ħ𝜸 − 𝑲𝑡ħ𝜸
2
4 ħ𝜸 + 𝑲𝑡ħ𝜸
+ 𝛆 = 𝑹𝑡 𝟐 + 𝛆 





2 ħ𝜸 + 𝑲𝑡ħ𝜸
3
− ħ𝜸 + 𝑲𝑡ħ𝜸 ħ𝜸 −
𝑲𝑡
ħ𝜸
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ħ𝜸 +  
𝑖 ħ𝜸 − 𝑲𝑡ħ𝜸
2
4 ħ𝜸 + 𝑲𝑡ħ𝜸
+ 𝛆 = 𝑹𝑡 𝟐 + 𝛆 





2 ħ𝜸 + 𝑲𝑡ħ𝜸
3
− ħ𝜸 + 𝑲𝑡ħ𝜸 ħ𝜸 −
𝑲𝑡
ħ𝜸






𝑹𝑡 𝟒 = 𝑹𝑡 𝟑 + 𝛆 







Recursive expression of  𝑹𝒕 𝒏  from   𝑹𝒕 𝒏−𝟏 ?   
Giovanni Di Liberto and Michele Ceotto, (To be submitted). 
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Recursive formula 


















𝑹𝑡 𝒏 = 𝑹𝑡 𝒏−𝟏 +
− 𝑛 ħ𝜸 − 𝑲𝑡ħ𝜸
𝟐 𝒏−𝟏







Giovanni Di Liberto and Michele Ceotto, (To be submitted). 
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Approximations summary 







2  𝑑𝜏𝑇𝑟 𝑹𝜏
𝑡
𝑜  
 𝑹𝑡𝑯𝑶 = −𝑖ħ𝜸 










𝑹𝑡 𝒏 = 𝑹𝑡 𝒏−𝟏 +
− 𝑛 ħ𝜸 − 𝑲𝑡ħ𝜸
𝟐 𝒏−𝟏




𝐶𝑡𝑎𝑑 =  
1
2 𝑄 𝑖, 𝑖 +
𝑖




𝐶𝒕𝑃𝑃𝑠 𝒑0, 𝒒0 = 𝐶𝒕 𝒑𝑒𝑞, 𝒒𝑒𝑞    ∀ 𝒑0, 𝒒0  






𝑖=1       
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Numerical test: Henon-Heiles potential 
      𝑉 𝑥, 𝑦 =
1
2 𝑥
2 + 𝑦2 + O𝑥2𝑦 − O3 𝑦
3 
10 % rejected Trajectories 
[8] H. Wang et al., J. Chem. Phys. 115, 6317 (2001). 

















G. Di Liberto 
𝑪𝑡 𝟑  
𝑪𝑡 𝟐  





     Exact 
14 
𝑉 𝑥, 𝑦 =
1
2 𝑥
2 + 𝑦2 + O𝑥2𝑦 − O3 𝑦
3 
90 % rejected Trajectories 
𝑪𝑡 𝟑  
𝑪𝑡 𝟐  





















Numerical test: Henon-Heiles potential 
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     Exact 
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Numerical test: quartic potential 
𝑉 𝑥, 𝑦 = 𝐷 1 − 𝑒−𝛼𝑥 𝑥−𝑥𝑒𝑞
2




2 𝑥 − 𝑥𝑒𝑞
4 + 𝑦 − 𝑦𝑒𝑞
4 +
0.02O
4 𝑥 − 𝑥𝑒𝑞
2 𝑦 − 𝑦𝑒𝑞
2 
O = 10−6 𝑪𝑡 𝟑  
𝑪𝑡 𝟐  





DVR SCIVR Johnson PPs Rt(2) Rt(3) 
2715.986 2577 2546 2781 2676 2553 
5048.746 5160 4840 4556 5151 4825 
6208.047 6030 5839 5794 6000 5842 
> 90 % rejected Trajectories 
High chaotic regime 
 Traj.        80000    5000       5000      5000    5000 
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Numerical test: quartic potential 
𝑪𝑡 𝟑  
𝑪𝑡 𝟐  




𝑉 𝑥, 𝑦 = 𝐷 1 − 𝑒−𝛼𝑥 𝑥−𝑥𝑒𝑞
2




2 𝑥 − 𝑥𝑒𝑞
4 + 𝑦 − 𝑦𝑒𝑞
4 +
0.02O
4 𝑥 − 𝑥𝑒𝑞
2 𝑦 − 𝑦𝑒𝑞
2 
O = 2.5 ∙ 10−6 > 98 % rejected Trajectories 
Extreme chaotic regime[15] 
 Traj.     250000   5000      5000     5000      5000 
[15] K.G. Kay, J. Chem. Phys. 101, 2250 (1994). G. Di Liberto 
     Exact 
     Uncoupled 
DVR SCIVR Johnson Rt(2) Rt(3) 
3062 2620 2746 2885 2693 
17 
Numerical test: H2O 
8000 Trajectories, Time = 10000 au 
𝑪𝑡 𝟑  
𝑪𝑡 𝟐  






[7] A. Kaledin and W.H. Miller, J. Chem. Phys. 118, 7174 (2003); J. Chem. Phys. 119, 3078 (2003).  
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[17] D. Tamascelli, F.S. Dambrosio, R. Conte, M. Ceotto, J. Chem Phys., 140, 174109 (2014). 
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Numerical test: CO2 
15000 Trajectories, Time = 30000 au 
𝑪𝑡 𝟑  
𝑪𝑡 𝟐  






[18] M. Ceotto et al., Phys. Chem. Chem. Phys. 11, 3861 (2009). 
[19] J. Vazquez et al., J. Chem. Theory Comput. 7, 1428 (2011). 









G. Di Liberto 19 
Numerical test: H2CO 
8000 Trajectories, Time = 30000 au 
𝑪𝑡 𝟑  
𝑪𝑡 𝟐  






[7] A. Kaledin and W.H. Miller, J. Chem. Phys. 118, 7174 (2003); J. Chem. Phys. 119, 3078 (2003).   
[20] S. Carter et al., Chem. Phys. Lett. 240, 400 (1995).  
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Numerical test: CH4 
14000 Trajectories, Time = 30000 au 
𝑪𝑡 𝟑  
𝑪𝑡 𝟐  






[7] A. Kaledin and W.H. Miller, J. Chem. Phys. 118, 7174 (2003); J. Chem. Phys. 119, 3078 (2003).  
[21] S. Carter et al., J. Chem. Phys. 110, 8417 (1999). 
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Numerical test: CH2D2 
14000 Trajectories, Time = 30000 au 
𝑪𝑡 𝟑  
𝑪𝑡 𝟐  






[21] S. Carter et al., J. Chem. Phys. 110, 8417 (1999). 
[17] D. Tamascelli, F.S. Dambrosio, R. Conte, M. Ceotto, J. Chem Phys., 140, 174109 (2014). 
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Conclusions and Outlooks 
 
1. The most reliable approximations are the Adiabatic, Johnson and our proposed 
ones. 
 
2. The adiabatic and Johnson approximations can numerically diverge for chaotic 
potentials. 
 
3. Deep investigations of some of the existent prefactor approximations. 
 
4. Development  a new class of approximate solutions of the Herman-Kluk 
prefactor in the Log-Derivative formulation. 
 
5. No need to evaluate the amount of chaos, all trajectories contribute to the 
Monte Carlo integration. 
  
• Enhance the accuracy of the developed approximations. 
• Increase the stability of the prefactor for very complex systems. 
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